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INTRODUCTION 
By a well-known result of Higman and Neumann, Boolean groups (i.e., 
groups of exponent 2) can be represented as an equational class of groupoids 
satisfying a single identity. Several such identities are known in the literature 
(see, e.g., [l], [SJ, [8]). Of these, the identity given in [S] is of shortest possible 
length and it was observed then that the maximum number of candidates for 
minimal length identities characterizing Boolean groups is 126 and symmetry 
considerations reduced this number to 63. In this paper we show that, of 
these 63, only three identities characterize Boolean groups. This corrects 
an error in the statement of Theorem 2 of [5]. An analysis of these identities 
leads one to several interesting varieties of quasigroups and loops of some 
combinatorial significance (see, e.g., [4]). These results will appear in another 
paper by the authors. 
1 
If23 =(B;*, -I, 1) is a Boolean group then it is clear that the only non- 
trivial binary polynomial in b is xy and hence the only equational class of 
groupoids definitionally equivalent, in the sense of [8], to the class of all 
Boolean groups is the equational class of Boolean groups with the group 
multiplication as the groupoid operation. In other words, if we represent the 
equational class of Boolean groups as an equational class of groupoids then the 
groupoid operation is necessarily the group multiplication. Contrast this with 
the general situation in groups where xy-1 or X-ly would be suitable such 
binary polynomials. A binary type identity f(xi ,..., x,) = g(x, ,..., x,) is 
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said to be a minimal identity for Boolean groups if f  (i) the equational class of all 
groupoids satisfying “f =g” is precisely the equational class of all Boolean 
groups and (ii) the length of “f = g” is six (see [5] for details). 
THEOREM 1. For a groupoid Iu = (A, .> the following statements are 
equivalent: 
(i) 2i is a Boolean group, 
(ii) (xy)(x(zy)) = x for all x, y, z in A, 
(iii) x((xy)(xy)) = z for all x, y, z in A, 
(iv) x(((xy)z)y) = z for all x, y, x in A. 
Proof. It is clear that (i) * (ii). 
(ii) * (iii): 
In the identity (ii), put x = z = ab andy = a(cb). By (ii) we get xy = zy = c 
and hence we have 
c((ab)c) = ab. (1) 
Using (ii), we can make the term “ab” into a variable “z”, e.g., putting 
a = xy and b = x(zy). Hence we have 
c(x) = z for all x, c in A. 
Putting y  = tx in (ii) and using the above identity we get 
t(x(4tx))) = 2, 
which is simply the identity x1 of Theorem 1 of [7] and hence 2I 
is an abelian group, where xy = x - y. Hence 
X((ZY)(XY)) = x - ((z - Y> - (x - Y)) 
=x-((z-y-x++) 
= x - (x - x) 
= x(zx) 
and so (ii) + (iii). 
(iii) * (i): 
= x by (2) 
(2) 
Identifying x = x and making the term “xy” into a variable “u” (say, by 
letting y  = (uv)(xv)) we have 
x(uu) = x (3) 
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and so, by putting y = uu in (iii) we get 
x(zx) = z. (4) 
Premultiplying both sides of the identity (iii) by “(zy)(xy)” we have, by (4), 
x = ((~Y)(XY)b, 
which is simply the mirror reflection of the identity in Theorem 4.1 of [2] 
(see the discussion below). Hence ‘$I = (A, .) is an abelian group, where 
x . y = --x + y. Moreover, by (3), 
-x+(-u+zg=x 
or -x=x 
and hence (iii) => (i). Theorem 1 of [5] h s ows that (i) and (iv) are equivalent. 
This completes the proof of the theorem. 
For a binary type polynomial f(xl ,..., x,), let us define the transpose (or 
its mirror reflection) j(x, ... x,) as follows: 
kiTi = xi i = l,..., n 
fh . ..x.).g(xl-~xm) = g(xl..,x,).f(x,...x,) * 
Similarly, the mirror reflection of the identity f  = g will beJ = f. It is clear 
that the set of all Boolean group identities is invariant under mirror reflection. 
Hence, from Theorem 1 we have the following. 
COROLLARY. The three identities ((yz)x)( yx) = z, ((yx)( yz))x = x and 
(y(z(yx)))x = z are also minimal identities for Boolean groups. 
Remark. See [l] for a generalized class of group identities invariant under 
mirror reflection. 
2 
In this section we show that the above six identities are the only possible 
minimal identities for Boolean groups. If w(x, y, x) = z is a minimal identity 
for Boolean groups then, by definition, w(x, y, z) is a word of length 5 in 
which both the variables “x” and “y” occur twice. A simple enumeration 
shows that there are 14 distinct bracket types in the set of all words of length 5 
and each bracket type has nine distinct words w(x, y, z) which are potential 
candidates for being the left hand side of a minimal identity for Boolean 
groups (cf. [5, p. 791). Let us call an identity binary if it is equivalent to a set of 
identities in at most two variables. According to a result of McKinsey and 
Diamond [3], no binary identity can define Boolean groups. 
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To begin with, we prove three lemmas which reflect our pattern of the 
general proof. 
LEMMA 2. The identity x(y((xz)y)) = z cannot define Boolean groups. 
Proof. If the identity in question defines the class of all Boolean groups, 
then in particular, the two identities {y(.zy) = x, yz = zy} must be conse- 
quences of the given identity. Conversely, it is easy to see that these two 
identities imply the given one. Hence if we assume that the given identity 
characterizes Boolean groups then we have the situation that a binary identity 
characterizes Boolean groups which contradicts the result of McKinsey and 
Diamond. This completes the proof of the lemma. 
Remark. The identity of the lemma is equivalent to the two identities 
(y(zy) = z, yz = zy}, but we do not need this fact here. All we really need 
is the fact that a set of binary identities imply the ternary identity in question. 
The same comment applies to all the other binary identities in the appendix 
though in most cases it turns out that they are equivalent to the respective 
single identities. 
LEMMA 3. The following three identities cannot be minimal identities for 
Boolean groups. 
(9 4CvWN = z, 
(3 W(r(4 = x, 
(iii) x(((yx)x)y) = 2. 
Proof. Let 23 = (B, +) b e any nontrivial Boolean group and let 2l = 8’, 
the direct product of 23 by itself seven times. Define 0~: B’ ---f B’ as 
<Xl ,*.., x,)01 = (%,X3,...,X7, 1 x ). It is clear that 01 is an endomorphism of ‘% 
with the property xa7 = x for all x E B7. Now define a binary operation “s” 
in B7 as xy = xa3 + ye. Then the groupoid (B, .) is a model for the identity 
(i). Since xy # yx in (B, .), it follows that the identity (i) cannot charac- 
terize Boolean groups. Similarly, the groupoid (B, .), where now x * y = 
x01 + ya3 will be a model for both (ii) and (iii) (indeed, (ii) and (iii) are 
equivalent and is also equivalent to the mirror reflection of (i)). The lemma is 
proved. 
LEMMA 4. The identity x((x(zy))y) = z cannot characterize Boolean 
groups. 
Proof. Let A = (0, I,..., 7) and define x * y = 3x + 5y (mod 8). Then 
the groupoid 2l = (A; .) satisfies the given identity but since xy # yx in 
general, 2l is not a Boolean group. 
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In the following scheme, let (p, q; n) stand for the groupoid ((0, 1, 
2 ,***, 71 - l}, 9) where x ‘y = px + qy (mod n). Also let us abbreviate 
certain binary groupoid identities (see [6]) which will often be referred to 
in the appendix 
SQ (Steiner Quasigroups) x(yx) = y, 
SSQ (Symmetric Steiner Quasigroups) x(yx) = y, xy = ye, 
GSL (Generalized Steiner loops) xx = yy (=e), 
xe = ex = x, 
x(yx) = x. 
As indicated in the three lemmas above we have a three pronged approach 
to find out the non-Boolean identities: non-Boolean models arising out of 
Boolean groups, non-Boolean models arising out of cyclic groups and strictly 
binary identities. Once the appendix is verified we have completed the proof 
of the following. 
THEOREM 2. The six identities given in Theorem 1 and the Corollary 1 are 
the only minimal identities for Boolean groups. 
APPENDIX 
Bracket type 
Nontrivial identities Binary equivalent or 
of this type non-Boolean models, if any 
SQ 
SSQ 
yy = xx, x(z(x(xx))) = z 
x(yy) = x, x(xz) = z 
SSQ 
<+l, -1; n> (see 6 OfFI) 
<4, 2; 5> not commutative 
x2,2; 5> ax f YY 
SSQ 
SQ 
SSQ 
(yy)x = x, x(zx) = z 
(zy) y = z, x(m) = z 
SSQ 
SQ 
<2,2; 5) xx =+ YY 
SSQ (Lemma 2) 
c&2; 5) 22 f YY 
(continued) 
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2 + (1 + 2) 
Nontrivial identities Binary equivalent or 
Bracket type of this type non-Boolean models, if any 
Boolean (Theorem 1, (iii)) 
Not Boolean (Lemma 3, (i)) 
GSL 
GSL 
<l, - 1; n) not commutative 
<4,2; 5) 232 # YY 
<4,2; 5> xx + YY 
<l, -1;n)xy #yx 
yy = xx, x(xz) = z 
<2,4; 5> XY z YX 
GSL 
c-1,1; n> 
See Lemma 4 
<2,2; 5) xx z yy  
SQ 
SQ 
SSQ 
SSQ 
<2,2; 5> xx # yy 
SSQ 
SSQ 
SSQ 
Boolean groups (iv of Theorem 1) 
<2,2; 5) xx # YY 
SQ 
Identity (iii) of Lemma 3 
GSL (see [4]) 
GSL 
xx = YY, 4YY) = (YYb = z 
SQ 
SSQ 
Boolean (ii) of Theorem 1) 
(ii) of Lemma 3 
SSQ 
SQ 
yy = xx, (xz)(x(xx)) = z 
xx = YY, (YY)((Y4Y) = z 
xx = YY, (YYX(ZY)Y) = z 
<-I, 1; ff> 
<2,4; 5) 
(1, --1;n> GOfrm 
yy = xx, (xz)((xx)x) = .a 
SQ 
SSQ 
<4,2; 5> 
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